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The  Lie  group  SU(2) ,  the  two  by  two  unitary  matrices  with 
determinant  one,  was  originally  used  in  quantum  physics  as  a    representa- 
tion of  the  rotation  group.   Calculation  of  SU(2)  and  higher  order 
representations  of  the  rotation  group  give  information  about  operators 
which  are  invariant  under  rotations.   More  recently.  SU(2),  SU(3)  and 
other  groups  have  been  used  in  the  theory  of  elementary  particles. 

Products  of  irreducible  representations  of  the  rotation  group 
are  not,  in  general,  irreducible.   They  can,  however,  be  written  as 
a  sum  of  irreducible  representations.   In  this  case,  eigen functions 
of  the  angular  momentum  operators  corresponding  to  the  product 
representation  can  be  written  as  a  sum  of  eigenfunctions  of  the 
angular  momentum  operators  corresponding  to  the  irreducible  repre- 
sentations with  coefficients  called  the  Clebsch -Gordon  coefficients. 
It  is  the  purpose  of  this  dissertation  to  construct  a  simpler  repre- 
sentation and  to  give  a  method  of  evaluating  the  Clebsch- Gordon 
coefficients  more  direct  than  the  usual  one. 

The  first  two  chapters  are  devoted  to  defining  the  rotation 
grcup  arid  its  usual  matrix  representation,  SU(2).   An  isomorphism  is 


constructed  from  the  rotation  group  to  SU(2)  by  assigning  to  each 
rotation  a  matrix  which  affects  the  basis  vectors  in  a  three- 
dimensional  vector  space  in  the  same  ways  as  the  rotation  affects 
the  coordinate  axes.   In  addition,  the  Lie  algebra  su(2)  associated 
with  SU(2)  is  defined  and  its  relationship  with  the  rotation  group 
is  given. 

In  the  third  chapter,  attention  is  concentrated  on  su(2).   A 
representation  of  su(2)  in  terms  of  tensors  is  given.   The  basic 
representation  consists  of  dyadics  defined  on  U  ,  the  two-dimensional 
unitary  space.   Irreducible  representations  of  higher  order  consist 
of  operators  on  symmetric  tensors  from  the  tensor  products  of  U0  with 
itself.   Products  of  irreducible  representations  are  given  by  operators 
on  tensors  which  are  symmetric  only  under  certain  iterchanges  of  indices, 

In  this  representation,  it  is  possible  to  construct  the  eigen- 
f unctions  of  those  operators  corresponding  to  angular  momentum  operators 
In  the  fourth,  they  are,  in  fact,  constructed  in  such  a  way  as  to  form 
an  orthonormal  basis  for  the  representation  spaces.   In  this  manner, 
evaluating  the  Clebsch-Gordon  coefficients  becomes  simply  a  matter  of 
calculating  the  normalizing  factors  for  the  eigenfunctions . 


CHAPTER  I 
INTRODUCTION 

1 .   Lie  Groups  and  Quantum  Mechanics 

One  of  the  most  striking  applications  of  "pure"  mathematics 
to  physics  lies  in  the  application  of  the  theory  of  Lie  groups  and 
Lie  algebras  to  quantum  physics.   Quantum  mechanics  differs  from 
classical  mechanics  in  that  a  particle  is  not  described  as  a  moving 
point  in  space.   Instead  the  particle  is  described  by  means  of  a 
wave  function.   The  components  of  momentum,  energy,  angular  momentum, 
etc. ,  are  considered  to  be  operators  on  the  wave  function.   The 
measurable  quantities  associated  with  each  operator  are  the  eigen- 
values of  the  operators.   Thus  a  basic  problem  in  quantum  physics 
is  the  solution  of  the  time-independent  Schroedinger  equation  for 
the  eigenvalues  and  eigenfunctions  of  H,  the  Hamiltonian  operator 
which  represents  the  sum  of  the  kinetic  and  potential  energy  of  the 
system. 

The  difficulty  involved  in  solving  this  equation  depends 
entirely  upon  the  form  of  the  Hamiltonian.   For  example,  consider  a 
problem  involving  four  electrons  orbiting  about  a  fixed  nucleus. 
The  Hamiltonian  would  have  terms  describing  the  energy  of  the  nucleus 
and  each  of  the  electrons,  and  all  the  interaction  terms  of  any  two 
particles  together.   If  any  computer  were  able  to  solve  this  problem 


numerically,  the  solution  of  reasonable  accuracy  would  require 
approximately  10   entries  [9]  which  would  fill  all  of  the  libraries 
in  the  country. 

It  is  necessary,  then,  in  most  cases,  to  simplify  a  problem 
before  a  useful  soLution  ov  qualitative  information  can  be  gained, 
s  can  often  be  done  by  utilizing  the  symmetry  properties  of  the 
Kamiltonian.   To  investigate  these  symmetries  the  concept  of  a  Lie 
group  of  transformations  is  introduced. 

A  transformation  is  an  operator  which  induces  a  change  in 
the  coordinates.   The  group  is  said  to  be  a  hie  group  if  its  elements 
depend  continuously  on  certain  parameters .   Every  rotation  about  a 
given  axis  depends  continuously  on  the  angles  defining  the  axis  and 
the  angle  giving  the  amount  of  rotation.   Thus,  the  group  of  all 
rotations  is  a  Lie  group  of  transformations. 

The  problem  with  which  this  paper  is  primarily  concerned  is 
that  of  one  or  two  electrons  in  a  spherically  symmetrical  potential 
Ln  which  the  interactions  between  '.he  two  electrons  are  neglected. 
Since  the  kinetic  energy  operator  for  each  electron  is  proportional 
to  the  Lapiacian  of  its  coordinates  which  is  invariant  under  rotations, 
the  Hamiltonian  is  invariant  under  rotations.   If  R  is  a  rotation 

d  if)  is  any  wave  function,  then  H(Ri|0  =  R(Hi|>) ,  or,  in  terms 
of  the  operators  alone,  Hit  =  RH.   That  is,  the.  operators  commute. 
Since  the  operators  commute,  it  is  possible  to  find  a  complete  set  of 
m functions  of  both  R  and  H  [10].  Thai  Ls,  since 

l  about  any  axis    mutes  with  the  Hamiltonian,  one  may  f; 
of  the  Hamiltonian  which  are  symmetric  with  respei 


to  that  axis.   Note  that  although  the  potential  is  spherically 
symmetric,  one  may  not  assert  that  the  2igenfunctions  are 
spherically  symmetric.   This  is  because,  while  rotations  about  two 
different  axes  commute  with  H,  such  rotations  do  not  commute  with 
one  another.   In  this  case  more  information  may  be  gained  by  looking 
at  the  Lie  Algebra. 

2 .   Lie  Algebras 

Let  G  be  a  Lie  group  and  p  a  representation  of  G  by  auto- 
morphisms of  a  finite  dimensional  vector  space.   Then  if  g(t)  is  an 
element  of  G  depending  on  the  parameter  t  and  v  is  an  element  of  the 
representation  space,  one  may  define  an  "infinitesimal  generator"  of 
G  by 

a(v)  =  ^P<8(t))(v)|t==0  . 

The  algebra  of  all  infinitesimal  generators  of  G  is  called 

the  Lie  algebra,  g,  associated  with  the  Lie  group  G  [5].   In  the  case 

of  the  Lie  group  of  rotations,  one  may  think  of  the  elements  of  the 

Lie  algebra  as  generating  the  infinitesimally  small  rotations.   An 

element  of  the  group  may  be  generated  by  applying  an  infinitesimally 

small  rotation  an  infinite  number  of  times.   The  elements  of  the  Lie 

algebra  may  also  be  interpreted  as  the  angular  momentum  operators  [9], 

The  x  component  of  angular  momentum,  J  ,  is  defined  in  such  a  way 

that  its  conservation  follows  from  the  invariance  of  the  Hamiltonian 

under  rotations  about  the  x  axis.   Then  J  may  be  defined  in  terms 

x 

of  the  derivative  with  respect  to  rotation  about  the  x  axis: 
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where  P.fl  is  the  rotation  about  the  x  axis  of  angle  69. 

The  operator  J   generates  a  finite  rotation  in  the  follo'./ing 
way:   Let  0  =  n(69)  and  let  n  go  to  infinity  while  69  goes  to  zero 
in  such  a  way  as  to  keep  9  constant.   Pfi  is  the  result  of  n  iterations 
of  P5e,  so 

P^  =  lim  (P,a)% 
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Similar  calculations  give  the  same  result  for  rotations  about 

the  y  and  z  axes.   The  Lie  algebra  of  the  rotation  group  is  a  three- 

; Lonal  algebra  with  basis  elements  of  J.J,  and  J  . 
b  x   y      z 

■presentations  of  Groups 

A  representation  of  a  group  G  is  a  homomorphism  from  the  group 

.  of  operators  on  a  vector  space.   The  representation  is 

dthfu]  Lf  the  lv>nomorphism  is  an  isomorphism  [J].   A 


representation  of  a  Lie  group  leads  to  an  equivalent  representation 
of  the  associated  Lie  algebra.   The  most  common  representations  of 
the  rotation  group  are  in  terms  of  matrices.   In  this  paper  the 
representations  will  be  in  terms  of  operators  on  spaces  of  tensors. 
A  representation  is  said  to  be  reducible  if  the  associated 
vector  space  contains  an  invariant  subspace  which  is  not  the  whole 
space  or  the  trivial  subspace.   That  is,  all  of  the  operators  in  the 
representation  map  every  vector  in  the  subspace  back  into  the  sub- 
space.   A  representation  is  said  to  be  irreducible  if  there  exists 
no  invariant  subspace  and  completely  reducible  if  the  vector  space 
can  be  written  as  the  direct  sum  of  all  the  invariant  subspaces. 

Of  great  importance  in  quantum  physics  is  the  question  of 
combining  two  representations  of  the  angular  momentum  operators 
(addition  of  angular  momenta).  Suppose  one  is  interested  in  the 
total  angular  momentum  of  two  electrons  in  a  spherically  symmetric 
potential  in  which  the  interaction  between  the  two  electrons  is 
cted.   This  problem  may  be  simplified  by  considering  the 
•mentation  of  the  rotation  group  on  each  electron  separately. 
They  may  be  combined  by  taking  the  Kroneker  product  [1].   This 
product  is  not  irreducible  but  is  completely  reducible.   Let  R  in 
G  be  represented  by  D  (R)  and  D.(R)  under  the  representations  V 

id  T.  respectively.   D  (R)  is  an  operator  on  the  vector  space 
J  [<- 

V  (R)  and  D . (R)  is  an  operator  on  the  vector  space  V.(R).   D   . (R) , 
K  j  J        K  >  1 

the  repr    tative  of  R  under  I\  x  P.,  the  Kroneker  product  of  I\ 

and  P.,  is  an  operator  on  the  vector  space  V.  h  V.  into  the  direct 
3  ■  k    J 


sum  a  V?  of  invariant  subspaces  and  D   .  (R)  =  £  Do^c^  where  D~   of 

R  is  the  representative  of  R  on  V. . 

Of  particular  importance  is  the  decomposition  of  the  eigen- 

functions  of  each  operator  in  a  product  representation.   An  eigen- 

E unction  in  V.  a  V  may  be  written  as  a  sum,  with  certain  coefficients, 
J    k 

of  eigentensors  in  the  invariant  spaces  V.  .   These  coefficients  are 
called  the  Clebsch-Gordon  coefficients.   It  will  be  the  purpose  of 
this  paper  to  give  a  straightforward  method  of  calculating  the 
Clebsch-Gordon  coefficients . 


CHAPTER  II 
MATRIX  REPRESENTATIONS  OF  SU(2) 

1.   SU(2) 

The  adjoint  of  a  matrix  is  the  matrix  derived  by  exchanging 

the  indices  of  each  component  and  taking  the  complex  conjugate. 

Thus,  if  a  matrix  has  components  u..,  its  adjoint  has  components 

u...   A  matrix  is  said  to  be  unitary  if  its  adioint  is  equal  to 
31 

its  inverse.   SU(2)  may  then  be  defined  as  the  group  of  unitary 
two  by  two  matrices  with  determinant  one.   SU(2)  gives  a  representa- 
tion of  the  rotation  group  in  the  following  way:   Let  P(ct,3,Y)  be 
the  rotation  with  Eulerian  angles  a,  3,  Y«   This  is  the  rotation 
achieved  by  rotating  through  an  angle  y  around  the  z  axis,  through 
an  angle  3  around  the  y  axis  and  then  through  an  angle  a  around  the 
2  axis  again  [10],   The  matrix  associated  with  this  rotation  is 


i(cc+y)/2     D/.     i(y-a)/2     a  ,„ 
:         cos  3/2    e         sin  3/2 


-i(y-a)/2   .   ...    -i(a+Y>/2     a/0 
-e    '      sin  3/2   e  cos  3/2 


This  particular  choice  of  the  Eulerian  angles  has  the  property  of 
diagonalizing  rotations  about  the  z  axis.   That  is,  if  3  =  0 


i(a+y) 
2 


0 

i(o+Y) 
2 


It  should  also  be  noted  that  this  representation  is  double- 
valued.   The  Eulerian  angles  are  determined  only  to  within  2tt  so  the 
half  angles  are  determined  only  to  within  TT.   Since  the  trigonometric 
functions  change  sign  when  the  argument  is  changed  by  TT,  both  the 
matrices  u  and  -u  represent  the  same  rotation. 

One  may  now  derive  the  corresponding  representation  of  the 
Lie  algebra  associated  with  the  rotation  group  as  su(2),  the  Lie  algebra 
associated  with  SU(2).   If  the  angular  momentum  operator  about  the 
z  axis,  J  ,  is  associated,  as  before,  with  the  infinitesimal  generator 
of  rotations  about  the  z  axis,  and  Pfi  is  arbitrary  rotation  about  the 
z  axis 


2ttj8 
"h    z 


so   if  (J      is    the   matrix   representing  J    ,   one   has 
z  x 

2Ti6 


U(9)    =  e 


0 

h  z 


Since  U(G)  must  be  a  two  by  two  unitary  matrix  with  determinant  one, 

a   must  be  a  two  by  two  matrix  with  zero  trace  [5].   A  process  of 
x 

diagonalization  shows  that  this  is  true  of  any  element  of  the  Lie 
Therefore,  su(2)  is  the  three-dimensional  algebra  of  two 

by  two  matrices  with  zero  trace.   The  standard  choice  of        I  the 
Lees: 


0 


1     0 

0    -I 


2.   Other  Representations  of  the  Rotation  Group 

The  two  by  two  matrices  may  be  considered  as  operators  on  a 
two-dimensional  complex  vector  space.   If  x..  and  x„  are  two  basis 
vectors  ,  then 


c!  -  U  x .  =  Y  x .  u . . 


If  U  is  the  matrix 


-b 


then  x'  =  ax.. 


bx„ 


cl  =  bx..  +  ax- 


Representations  of  SU(2)  of  higher  dimensionality  may  be  generated  by 

considering  matrices  on  a  vector  space  whose  basis  vectors  are  the 

n+1  monomials  of  degree  n  in  x,  and  x„ ,  i.e.  ,  f   =  x,  x„   .   Then 

1  2  np  12 

the   matrix  U      corresponding   to   U   in   the   original   group   is   defined  by 


U    (f      (x     x,))    =    f      (x'xl) 
n     np      1      2  np      I      2 


(ax.    -  bx„)       (bx,    +  axj 


n-p 


=    f      (U(x    ,x„)) 
np  1      2 


These  matrices,  after  a  normalization  to  make  them  unitary, 
as  n  ti)kes  on  all  integral  values,  include  all  the  distinct,  irreducible, 
unitary  representations  of  SU(2)  [10],   Since  SU(2)  is  a  faithful  repre- 
sentation of  the  rotation  group,  this  gives  a  complete  set  of  irreducible 
representations  of  the  rotation  group. 


10 


3 .   Calculation  of  the  Clebsch-Gordon  Coefficients 

As  stated  above  when  two  irreducible  representations  of  a  group 
are  combined  in  the  Kroneker  product,  the  result  is  not  necessarily 
irreducible-   It  is  however  completely  reducible.   That  is,  it  can  be 
written  as  the  sum  of  completely  irreducible  representations.   Eigen- 
functions  in  the  combined  representation  may  be  written  as  a  sum  of 
eigenfunctions  in  the  irreducible  representation  with  the  Clebsch-Gordon 
coefficients. 

Standard  methods  of  finding  the  Clebsch-Gordon  coefficients 
involve  using  the  properties  of  the  rotation  group  itself  rather  than 
any  representation,  particularly  the  fact  that  the  rotations  can  be 
written  in  terms  of  exponentials  [II].   Calculation  of  the  Clebsch- 
Gordon  coefficients  may  be  done  by  noting  that,  in  the  matrix 
representation,  the  product  of  matrices  from  the  two  individual  repre- 
sentations is  the  same  a:j  that  of  the  matrix  from  the  combined 
representation  multiplied  by  a  matrix  whose  elements  are  the  Clebsch- 
Gordon  coefficients.   Then  a  number  of  matrix  multiplications  are 
performed  which,  together  with  an  integration  over  the  Euler  angles 
in  the  matrix  representation  and  ,aic  manipulations,  produce 

the  Clebsch-Cordon  coefficients. 

In  this  paper,  a  tensor  representation  will  be  discussed  wh 
Lmpler  and  more  straight!"        ethod  of  calculating  the 
Clebsch-Cordon  coefficients.   It        !  the  advantage  that  the 
po.'.  of  the  ;  ■  directly  from 

the  calculal  Lon  and  '  • 


CHAPTER  III 
TENSOR  REPRESENTATIONS  OF  SU(2) 

1.   Unitary  Geometry 

The  unitary  space  U„  is  a  two-dimensional  vector  space  over 
the  field  of  complex  numbers.   Associated  with  U„  is  the  conjugate 
space  U0,  also  two-dimensional  over  the  complex  numbers.   These 
spaces  are  related  by  the  complex  conjugation  operator,  an  anti- 
linear  function  from  U„  to  U_  and  from  U„  to  U„.   The  complex 
conjugation  of  a  vector  u  in  either  U„  or  U_  will  be  represented 
by  u.   Complex  conjugation  satisfies: 

(1)  u  =  u 

(2)  (u+v)  =  u  +  v 

(3)  (au)  -  a  u • 

where  a  is  a  complex  number  and  u  on  v  are  vectors  in  either  U„  or  U„. 
Tc  simplify  notation,  all  vectors  in  U„  will  be  denoted  as  the  complex 
conjugate,  u,  of  some  vector  u  in  U0. 

Also,  there  is  defined  a  scalar  product  u*v  with  u  €   U„,  v  e  U« 
with  the  properties: 

(1)  U'V  =  vu 

(2)  (au) *v  =  a(u*v) 

(3)  (u+v)*w  =  u*w  +  v*w 
(4";   u*  (av)  =  a(u*v) 


11 
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(5)   u*  (v+w)  =  u*v  +  u*w 


(6)  (u*v)  =  u*v 

(7)  u*u  2   0 

(8)  u*u  =  0  if  and  only  if  u  =  0 


2.   Linear  Transformations  on  U? 


Any  linear  transformation  on  U„  is  identified  by  its  action  on 
the  two  basis  vectors  of  U.,  and  may  be  represented  as  a  dyadic,  an 
element  of  the  tensor  product  space  IL  2  EL  .   Let  g.  and  g„  be  basis 

vectors  of  U„  such  that  g-,'g2  =  g2*g2  =  1  and  Sl'g2  =  g2*gl  =  °*   Let 
T  be  a  linear  transformation  on  U„  defined  by  T(g,)  =  ag.  +  bg„, 
T(g„)  =  eg.  +  dg„,  where  a,  b,  c,  and  d  are  complex  numbers.   Then  one 
may  write 


T  =  a&L&i   +  b§28l  +  Cgl82  +  dg2g2  • 
Then,  applying  the  scalar  product, 

T'gL  =  ag^g^'g^  +   bg2(i1'g1)  +  cgl(i2-gl)  +  dg2(i2«gl) 
=  agx  +  bg2 

T-g2  =  ag1(i1-g2)  +  bg2(g1«g1)  +  cgl(i2«g2)  +  dg2(g2-g2) 

=  cgx  +  dg2  . 

The  Lensors  g-ilji  g2gl'  glg2'  and  g2g2  are  babis  eie-nents  of  the 
space  1)..  u  Vy. 

>f  the  properties  of  matrices  may  be  extended  to  dyodics. 
■  a  dyadic  is  defined  as  the  dyadic  produced 
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by  taking  the  complex  conjugate  of  each  term  and  reversing  its  order. 
For  example,  the  Hermitian  adjoint  of  g,g„  is  g^g-,  •   A  dyadic  which 
is  identical  with  its  own  adjoint  is  called  Hermitian.   The  trace  of 
a  dyadic  is  formed  by  taking  the  scalar  product  in  place  of  the  tensor 
product.   For  example,  the  trace  of  g,g,  is  g-i'gi  =  1>  the  trace  of 

8182  is  gl'S2  =  °" 

3 .   A.  Representation  of  su(2) 

Because  of  the  close  relationship  between  a  Lie  group  and  its 

associated  Lie  algebra,  every  representation  of  the  group  corresponds 

to  a  representation  of  the  associated  Lie  algebra.   Since,  in  this 

case,  it  is  simpler  to  find  a  representation  of  su(2),  the  Lie  algebra 

associated  with  SU(2),  this  is  the  method  that  will  be  used. 

In  the  previous  chapter,  the  Pauli  matrices  O    ,   O    .    and  O 

x   y       z 

were  given  as  a  basis  for  su(2) .   Since  these  are  2x2  matrices,  they 

also  define  transformations  on  U„.   That  is,  O      gives  the  transformation 

defined  by  O  g.  =  g„,  a  g~  =  g. ;  a   gives  the  transformation  such  that 

O  g,  =  igo>  o~  g„  =  -ig-,  ;  a  gives  the  transformation  such  that  Ok,  =  e.  , 
y  1      2   y°2     °1    z  z  1     1 

aZ82  =  -*2- 

In  order  to  keep  the  eigenvalues  the  same  as  those  used  in. 

quantum  physics,  the  basis  elements  for  this  representation  will  be 

those  given  by  a  ,  a  ,  and  o  multiplied  by  —  .   That  is: 
x   y       z  J    1 

Jx  =  2  (82§1  +  8182) 


Jy  =  2  (g28l  "  8182} 
Jz  =  2    (8L81  "  8282') 
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Since  the  iratrix  representation  of  su(2)  is  irreducible  and 

this  association  of  a  with  J  ,  etc.,  defines  an  isomorphism  from 
xx 

the  space  of  2x2,  Hermitian,  traceless  matrices  to  the  subspace  of 
Hennitian,  traceless  dyadics  of  U0  a  U„,  this  latter  space  forms  an 
irreducible  representation  of  su(2). 

With  this  particular  choice  of  basis,  the  eigenvectors  of  J 
are  just  those  of  the  form  ag,  and  bg„  with  a  and  b  complex  numbers: 

Jz(ag1)  =  2  a(&iS1'g1  ~   g2i2"8i)  =  2  agl 
Jz(bg2)  =  -  a(g1g1'g2  -  g2g2*g  )  =  -  2  b82 

with  eigenvalues  -j   and  -  -j   respectively. 

Also  of  interest  in  the  physical  interpretation  is  the  dyadic 

2 
J   defined  by 

J2=(JJ  +JJ  +JJ). 
xx    y  y    z  z 

2 
J  has  the  properties: 

J2gl    =JJg.+JJg1+JJg1 
61  x  x&l  y  y°l  z   z   \ 

=  \   Jxg2  +  1   Jyg2  +  1   JZgl 

1       L  1  U     1 

=  4  gl  +  4  gl  +  4  gi 

3 

=  4  gl 


j2g2  =  JxJxg2  +  JyJyg2  +  JzJzg2 

=  +  1   Jxgl  "  2  Jygl  "  I  Jzg2 

1      1      1 

"  4  g2   4  g2   4  g2 

3 

4  g2  ' 
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Since  the  two  basis  vectors  g,  and  g„  are  both  eigenvectors 

2  3 

of  J  ,  with  the  same  eigenvalue,  -r   ,  all  vectors  in  U„  are  eigen- 

9  3 

vectors  of  J  with  eigenvalue  -r  .   (It  should  be  noted,  however,  that 

2 
J   is  not  a  traceless  dyadic,  and,  therefore,  not  in  the  representa- 
tion of  su(2) . ) 


4 .   Further  Tensor  Representations  of  su(2) 

The  tensor  space  (U?  ^  )   is  the  space  of  insert  on  all  symmetric 
tensor  for  j=0,  y,  1,  -r,  •••  •   Since  a  basis  for  (U„  J)  may  be  formed 
by  taking  all  tensor  products  of  basis  vectors  from  2j  copies  of  U„, 
a  basis  for  (U„   )   may  be  formed  by  taking  all  symmetric  combinations 
of  such  products  [6],   (LL   )   is  a  unitary  space  if  complex  conjuga- 
tion is  defined  by  taking  the  complex  conjugate  of  each  vector  from 
U„  appearing  in  the  tensor.   That  is,  the  complex  conjugate  of  the 

symmetric  tensor  g-,g2  +  §2^1  ^s   °1^2  +  ^2^1'   T^e  sca-'-ar  Pr°duct 

u:v  of  two  tensors  u  and  v  in  (U„  J)   is  defined  by  taking  the  scalar 

product  of  the  first  vector  in  each  tensor  product,  the  scalar  product 

of  the  second  vectors,  etc.,  and  then  multiplying  them  all  together. 

To  construct  representations  of  higher  dimension,  consider  the 

linear  operators  on  the  space  (U„  -1)  .   To  the  linear  operator  J  , 
^  r      2   _s  a 

a  =  x,  y,  or  z,  one  associates  D .  (J  )  defined  by 


D.(J  )  =  J  a  r^J-D  +  i  H  j  a  r»(2j-2)  + 

j  a     a  a 

+  lH(2j-1}  *  J 

a 

where  I  is  the  unit  dyadic  gig-,  +  g?g?- 
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Since  the  map  of  J   into  D.(J  )  is  a  vector  space  homorcorphism, 
this  gives  a  representation  of  su(2)  for  each  value  of  j.   For  j=0, 
this  gives  the  trivial  representation  in  which  all  elements  of  su(2) 
are  mapped  into  0.   When  j  =  -=■  ,  the  representation  as  dyadics,  given 
above,  is  obtained. 

Hereafter,  the  basis  elements  of  (U~  )  will  be  denoted  by 
g(a,b),  where  g(a,b)  is  the  sum  of  all  monomials  in  g..  and  g„  with  g. 
appearing  a  times  and  g„  appearing  b  times,  a  +  b  =  2j .  For  example, 
in  U-,  g(l,0)  =  g1  and  g(0,l)  =  g„  are  the  basis  vectors.  In  (U„  )  , 
g(2,0)  =  gjg^  g(l,l)  =  gxg2  +  g2gr  and  g(0,2)  =  g2g2  are  the  basis 
tensors.  It  may  be  noted  that  the  space  (U„  )  is  of  dimension 
2j  +  1. 


5.   Irreducibility  of  the  Representations 

A  representation  is  irreducible  if  there  is  no  subspace,  other 
than  the  entire  space  and  the  0' space,  of  the  representation  space 
which  is  invariant  under  the  action  of  all  of  the  operators  in  the 
representation  [1].   To  prove  the  irreducibility  of  the  tensor  repre- 
sentations, it  is  sufficient  to  show  that  there  is  no  nontrivial 
subspace  of  (U„  ^ )      which  is  invariant  under  D.(J  ),  D . ( J  ),  and  D.(J  ) 

^s  .  jxjy  .i     z 

Since   D.(J    )    =  J      H   i«<2j-l)   +   ...  +    E«(2J-1>    „  j      acts 
j      z  z  z 

individually  on  g.  and  g„,  the  effect  of  D.(J  )  on  a  basis  tensor 

g(a,b)  may  be  determined  by  examining  the  effect  on  a  single  monomial 

term  of  g(a,b).   If  D . (J  )  is  applied  to  such  a  monomial  term,  the 
J   z 

result  is  a  sum  of  such  terms.   The  g  and  g2's  are  left  unchanged 
with  a  factor  of  -=   if  the  J_  was  acting  on  a  g.  and  -  ■=■  if  the  J  was 
acting  on  a  g„.   Since  each  terra  contains  a  g,'s  and  b  g2's,  one  has 
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D  <Jz)  g(a,b)  =  -~  g(a,b)  . 

Every  basis  vector  is  an  eigentensor  of  D . (J  )  with  eigenvalue  — —  so 

every  subspace  spanned  by  a  subset  of  the  basis  tensors  g(a,b)  is 

cx2  i 

invariant  under  D . ( J  ).   Let  S  be  a  subspace  of  (U„   )   invariant  under 
J   z  2   s 

D . (J  ).   Since  D .  (J  )  is  Hermitlan,  S*.  the  orthogonal  complement  of  S, 
J   z  J   z 

is  also  invariant  under  D . (J  )  [4],   Let  g(a,b)  be  any  basis  tensor 

J   z 

s2i 
in  (U„  ~ )  .   Then  g(a,b)  can  be  written  uniquely  as  a  sum  of  tensors 

in  S  and  S*:g(a,b)  =  u  +  v.   Applying  D.(J  )  to  this  equation  gives 

J   z 

— x—   g(a,b)  =  D.(J  )u  +  D . ( J  )v.   Since  S  and  S*  are  invariant  under 
z  J  z  j   z . 

D.(J  )  and  the  sum  is  unique ,  D . (J  )u  =  -„ u  and  D . ( J  )v  =  ~r-   v. 

J   z'  '     J   zy      2         j   z      2 

That  is,  both  u  and  v  are  sigentensors  of  D . ( J  )  with  eigenvalue 

J   z 

„   .   Since  the  dimension  of  (U'   )   is  2j+l  and  there  are  already 

2j+l  eigentensors  with  distinct  eigenvalues,  it  is  impossible  for 

there  to  be  two  orthogonal  eigentensors  with  the  same  eigenvalue. 

Thus,  either  u  or  v  is  zero  and  every  basis  tensor  is  contained  in 

either  S  or  S*.   If  S  has  dimension  n,  S*  has  dimension  2j+l-n  so 

S*   can  contain  at  most  2j+l-n  of  the  2j+l  tensors  g(a,b).   The  S 

must  contain  exactly  n  of  these  tensors.   Therefore,  every  subspace 

of  (U.,   )  ,  invariant  under  D .  ( J  ),  has  a  basis  which  consists  of 
2   s'  j   z" 

eigenvectors  of  D . ( J  ) . 
J   z 

Now  attention  is  turned  to  D . ( J  )  and  D . (J  ) .   By  the  same 

J   x       j   > 

reasoning  as  with  D . (J  ),  it  is  sufficient  to  calculate  the  effect 

of  D.(J  )  and  D . (J  )  on  a  single  monomial  of  the  basis  tensor  g(a,b). 
J   x        j   y 

I)  (J  )  act: Lag  on  such  a  term  again  results  In  a  sum  of  such  terms; 


18 


however,  now  in  addition  to  the  factor  of  y  ,  each  g   is  changed  to 

a  gy   and  vice  versa.   Each  term  from  g(a,b)  is  changed  into  terms 

(a+b) ' 
from  g(a+l,b-l)  and  g(a-l,b+l).   Since  g(a,b)  has  .,  . '  monomial 


alb! 


(a+b ) ! 


terms  while  g(a+l,b-l)  has  (        .  (  ,,_'  .  ,  terms  and  g(a-i,b+l)  has 


(a+b)! 


7 — ,,,,.'.,,    collecting   all    the    terms   properlv   gives 
(a-1) !  (b+1) ! 


n    ft    \      ^     o        a    l  (a+b) 
Dj(Jx)    g(a,b)    =   2    [-^T 


(a-1)! (b+1)! 


(a+b  ) 


g  (a-1, b+1) 


b    ((a+b)!)  f(a+l)!(b-l)!  , 
+  2    [TlbrJ  ( (a+b)! 


=  ^p  g(a-l,b+l)   +  ^~  g(a+l,b-l) 


By  essentially  the  same  procedure, 


D.(J  )  g(a,b)  =  -£±12*  g(a-l,b+l)  -  M^i  g(a+l,b-l)  . 

j  y  ^  ^ 


Finally,  let  S  be  a  nonzero  subspace  of  (U„  J )  which  is 

invariant  under  D.(J  ),  D . ( J  ),  and  D . ( J  ).   Since  it  is  invariant 
J   x    j   y        j   z 

under  D . (J  ),  there  exists  a  basis  of  S  consisting  of  the  g(a,b) 

tensors.   Since  S  is  invariant  under  D.(J.  )  and  D.(J  ),  it  is  also 

J  y      J  x 

invariant  under  the  "step  up"  and  "step  down"  operators: 

D.(J  )  =  D.(J  )  +  iD.(J  ),  D.(J  )  =  D.(J  )  -  D.(iJ  ).   Let  g(a,b) 

j  +    j  *     j  y  '  j  -    j  x'    j   y 

■  (21) 

be  a  basis  vector  for  S  and  g(a',b')  any  basis  vector  of  (L'     )  , 

It"  a'  -  a,  since  a+b  =  a'  +  b1  =  2j  ,  b  =  b'  so  g(a',b')  is  in  S. 
If  a1  is  larger  than  a,  apply  D.(J  )  to  g(a,b)  a'  -  a  times. 
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Since 


D.(J  )  g(a,b)  =  J   g(a,b)  +  iJ   g(a,b) 
]   t  x  y 


=  ^  g(a-l,b+l)  +  ^~  g(a+l,b-l)  -  ^  g(a-l,b+l) 

+  ^±1  g(a+l,b-l) 
=  (a+1)  g(a+l,b-l) 


so     {D.(J+)}a  a  g(a,b)  =  (a+l)(a+2)..-(a')  g(a\b')  . 

Since  S  is  invariant  under  D . ( J  ) ,  g(a',b')  is  in  S. 
If  a'  is  less  than  a,  apply  J_  a-a'  times. 
Since 

D.(J  )  g(a,b)  =  D  (J  )  g(a,b)  -  iD  (J  )  g(a,b) 

j  -         j  x         j  y 

=  ~-   g(a+l,b-l)  +  ™   g(a-l,b+l)  +  ^  g(a-l,b+l) 


^  g(a+l,b-l) 


=  b+1  g(a-l,b+l) 


so     {D.(J_)}aa   g(a,b)  -    (b+l)(b+2)-.-(b')  g(a',b')  . 

Therefore,  in  all  cases  g(a',b')  is  in  S.   Since  g(a',b')  was 
any  basis  tensor  in  (U„   )  ,  S  =  (U„  J)   and  the  representation  is 
irreducible. 


6.   Physical  Interpretation 

The  tensor  representations  given  may  be  interpreted  in  terms 
of  quantum  physics.  The  operators  D.(J  ),  D.(J  ),  D.(J  )  are  inter- 
pre  ted  as  the  angular  momentum  operators  about  the  x,  y,  and  z  axes 
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respectively.   D.(J2)  =  (D.(J  ))2  +  (D.(J  ))   +  (D.(J  ))2  is  the  total 
J         J   *        J   y        J  z 

angular  momentum  operator.   The  tensor  space  (U,   )   is  the  space  of 
wave  functions  with  total  angular  momentum  j.   As  will  be  seen  later, 
every  teiisor  in  (U  ~  )   is  an  eigentensor  of  D .  (J  )  with  eigenvalue 

L  S  J 

Jtt+l). 

The  eigenvalues  of  D . ( J  )  are  the  possible  values  of  the  z 
j   z 

component  of  angular  momentum.   In  keeping  with  notational  convention, 

eigenvalues  of  D . ( J  )  will  hereafter  be  denoted  by  the  letter  m.   Thus 

the  basic  vectors  g(a,b)  represent  wave  functions  with  definite  values 

of  the  z  component  of  angular  momentum.   D.(J  )  g(a,b)  =  mg(a,b)  where 

J   ^ 

a-b 
m  =  — ^—  .   Since  the  only  restrictions  on  a  and  b  are  that  they  be 

positive  integers  and  a+b  =  2j  ,  the  possible  values  of  m  may  be  obtained 

by  letting  b  range  from  0  to  2j  .   Therefore,  m  must  be  .—J—  =  j, 

(2j-l)-l    .  .   (2j-2) -2    .  „         0-2j        _.  ,.  .         . 
~-L~ =  j-1,  --- '-—' =  j -2,  •  •  ■  ,  or    J   =  -j.   That  is,  m  may  have 

values  at  integer  steps  between  -j  and  +j . 


CHAPTER  IV 
COMPUTATION  OF   THE   CLEBSCH-GORDON   COEFFICIENTS 

1.   Method  of  Computation 

The  Kroneker  product  of  two  representations  D.   and  D.   gives 

the  representation  in  which  D.  .  (J  )  =  D .  (J  )  a  Ih2^2  +  I^l  a  D.  (J  )  , 

J1J2  a     Jl  a  J2  a 

where  a  =  x,  y,  or  z,  is  an  operator  over  the  tensor  space 

(U„   1)   a  (U„   2)  .   This  representation  is  not  irreducible  but  may 

be  written  as  the  sum  of  irreducible  representations,  the  Clebsch-Gordon 


This  means  the  tensor  space  (U„   1)   a  (U„   2)   may  be  written 

as  the  direct  sum  of  irreducible  spaces  and  the  eigenvectors  of  D.  .  (J  ) 

J1J2   z 

may  be  written  as  a  sum  of  eigenvectors  of  D.(J  )  for  certain  values  of 
j .   The  Clebsch-Gordon  coefficients  are  the  coefficients  involved  in 
this  last  expansion. 

Specifically,  let  <})(j  ,m  )  and  £(j„,m  )  be  tensors  from  ortho- 
normal  bases  of  (U.   1)   and  (U„  J2)    respectively,  which  are 
2    s       2    s 

2 
simultaneously  eigentensors  of  D.(J\)  and  D.(J  ).   Then  products  of. 

J   ^       j 

the  type  ({>(j  ,m  )  a  (?(j»,m-)  form  an  orthonormal  basis  for 

(U„^l)   a  (U„   2)  .   Such  basis  tensors  will  not  in  general  be 
2.  s      z     s 

2  2 

simultaneous  eigentensors  of  D.  .  (J  )  and  D .  .  ( J  )  =  CD .  .  (J  ) )   + 

J1J2   z       J1J2         J1J2  x 

(D.  .  (J  ))2  +  (D.  .  (J  ))2. 

jlj2  y        ^2   Z 

Let  $.  .  (J,M)  form  a  basis  for  the  space  (U®  Jl)   a  (U^"J2) 
JJ,  2   's     2    s 

2 
which  are  simultaneous  eigentensors  of  D.  .  (J  )  and  D.  .  (J  ) .   Since 

JXJ2   2       2l22 
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tensors   of    the    form  <|>  (j-i  >m,  )   a  <J>(.i?,n„)    form  an   orthonormal   basis    foi 
(U^jl)s   a    a'22J2)s,    one  has 


>  (J,M)   =        I       C  (m    ,nu;J,l 

J1J2  in     m2      3IJ2 


0    0(ji,m1)    a  <J)(J2,m2) 


where   the   coefficients   C.     .    (m    ,m    ;J,M)    are   just    the   Clebsch-Gordon 

3  1J  2 
Coefficients.      Finally,    since   all    the  bases    involved   are   orthonormal, 


C.     .     (m.,m0;J,M)   =    (4>(j,,ra)    a  4>  (j    ,m   ) )  :*  (J,M)    . 

3^2      12  11  2      2  i±32 

2.   The  Basis  Tensors  for  (U„  3  ) 

It  has  been  seen  that  the  tensors  g(a,b)  form  a  basis  for 
(U^  3)   and  are  eigentensors  of  D . (J  )  with  eigenvalue  — r—  .   It 
remains  only  to  show  that  they  are  also  eigentensors  of 
D.(J2)'D. (J2)  =  (D.(J  ))2  +  (D.(J  ))2  +  (D.(J  ))2  and  the  action  of 

j    j      jx     jy     jz 

D  (J  )  .  D  (J  ) ,  and  D.(J  )  have  already  been  calculated. 
j   x   .  j   y        j   z 

D.(J2)  g(a,b)  =  (D.(J  ))2  g(a,b)  +  (D.(J  ))2  g(a,b)  +  (D  (J  W~    g(a,b) 

j  j  x  j  y  j  z 

=  D.(J  )  (—-   g(a+l,b-l)  +  ^  g(a-l,b+l)) 

+  D.(J  )(-^  ig(a+l,b-l)  +  ^  ig(a-l,b+l)) 

j   y    2  I 

+  0.(Jz)  i^j-   g(a,b) 
„  (a+l)(a+2)8(a+2>b.2)+i^l)b8(a>b) 

+  (b+1)(b+2)  g(a-2,b+l)  +  *S«VL   g(a>b) 
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(a+Db  g(a>b)  _  (  t+l)(a+2)  nf^   K_0,  x  f 


4 
.2 


g(a-2,b+2)  +^~^~  g(a,b) 


(a+l)b  +  a(b+l)  +  ia^)ljg(a>b) 

a2  +  2ab  +  b2  +  2a  +  2b   .  ,  . 
_ g(a,b) 

a+b I  I a+b+2 i 


2-j  [— 


2 
Since  a+b  =  2j .  every  tensor  g(a,b)  is  an  eigentensor  of  D . (J  )  with 

eigenvalue  j  (j+l)  . 

Since  the  tensors  g(a,b)  are  all  eigentensors  of  D . (J  )  with 

J   z 

distinct  eigenvalues,  they  are  all  orthogonal.   To  normalize  them, 
note  that  g^^  =  82'gl   =  °  and  8l'8l  =  82*g2  =  l'      The  only  nonzero 


cms  in  g(a,b) :g(a,b)  will  be  from  the  scalar  product  of  those  monomial 
with  the  gi's  and  g7's  in  exactly  the  same  order.   Each  such  scalar 


product  is  one,  so  g(a,'o)  *g  (a,b)  equals  the'  total  number  of  monomial 
terms  in  g(a,b).   Since  g(a,b)  contains  all  possible  combinations  of 
a  gl's  and  b  g^s,  this  is  just  ^j1  =  -^^-   .   Therefore 
g(a,b)'g(a,b)  =  *fjf-  . 

_  fan,-  ^'2 


Let  <j>(j,m)  =  -/',!,     g(a,b)  where  a+b  =  2j  ,  a-b  =  2m. 
The  <j>(j,m),  with  m  taking  on  values  at  integer  steps  between  -j  and 
j,  form  an  orthonormal  basis  for  (U~  J)  .   They  are  eigentensors  for 

.  D.(J  )  and  D.(J2)  with  D .  (J  )  (j>(i  ,m)  =  m<J)(j,m)  and 

J   z       J  J   z 

;].(J2)  Kj.m)  =  j  (j+l)  <Kj,m). 
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3.   A  Basis  for  (U^2j 1)   a  (UH2j2) 
2    s     2    s 

Let  <p(j  ,m..)  with  m..  running  from  -j   to  j   and  (?(j_,m„)  with 

m0  running  from  -j0  to  j „  be  the  bases  described  above  for  (U„   1)   and 
~  ^      Z  2    s 

(U2   2)  .   Then  all  tensor  products  of  the  form  <Hj-|,m..)  a  $(j~,m_)  for 

all  permissible  values  of  m,  and  m„  form  a  basis  for  (U~   1)   a  (U„  "'2), 

12  2    s     2 

This  basis  is  already  orthonormal  since  (<}>(j ..  ,m..  )  a  <J>(j  „,m9)  )  : 
($(jj,mj)  a  $(j^,mp)  =  (0(^,1^)  :$  (j[,m^) )  ($(j  2,m2)  r  c>  C  j  J.mJ))  and  the 

;(j.m)  tensors  are  orthonormal. 

2 
These  tensors  are  not  in  general  eigentensors  of  D.  .  (J  ) . 

2  J1J2 

For  example,    the    first   term    (D.     .    (J    ) )      expands   as 


(D.     .    (J    ))2   =    (D.     (J    ))2   a   IH2j2  +   Ih2J1   h    (D.     (J    ))2 
J,J0      x  j.      x  J,      x 


+   2D.    (J   )    a  D.    (J    ) 


The  first  two  terms  will  combine  with  the  corresponding  terms  due  to 
(D.  .(J  ))2  and  (D.  .  (J  ))2  to  give  D.  (J2)  a  la2j2  +  l^h   a  D.  (J2) 

jijy       -'i-'  2  z         ■'l  ^2 

for  which  the  pCj^m..)  a  !j>(j-,m_)  are  eigentensors  but  the  cross  terms 

2D.  (J  )  a  D.  (J  )  give  rise  to  terms  that  do  not  cancel  out. 
Jl  *     J2  X 

4.   Special  Cases 

Clearly  for  j,  =  0  and  j„  =  ■_-  or  j.  =  -z   and  j   =  0, 

fc.  (J,M)  =  *  ,(J,M)  =  (j)(J,M),  since 

|o  ol 

,,.al.     ,,.«0.     /,,a0-     /,,alx    ,, 
(U2  }s  °  (U2  >s  =  (U2  >s  H  (U2  \   =  U2  * 

A  more  interesting  special  case  is  that  in  which  j.  =  -j  ,  j  „  ■  -j   • 
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al       al 
In  that  case,  (U„  )   a  (U„  )   =  U~  a  U„.   This  is  simply  the  space 

of  all  second  order  tensors  over  U„. 

An  orthonormal  basis  for  U0  a  U„  consists  of  g.g^  g-ig9,  §981: 

and  g^g„.   In  addition,  one  has 

Dll(Jx)glg2  =  (Jxgl)gl  +  gl(Jxgl}  =  \   g2gl  +  1   glg2 
22 

Dll(Jx)glg2  =  (Jxgl)g2  +  gl(Jxg2)  =  \   g2g2  +  I  glgl 
22 

Dll(Jx)g2gl  =  (Jxg2)gl  +g2(Jxgl)  =  Iglgl  +  \   g2g2 
22 

Du(Jx)g2g2  =  Uxg2)g2  +  g2(Jx82)  =  I  glg2  +  \   g2gl  • 
22 

Similarly, 


Du(Jy)g1g1    -    CJyg1)g1  +   g^V^    =  \  g2gl  +   2   glg2 
22 

Dll(Jy)glg2   =    (Jygl)g2   +   gl(Jyg2}    =  f  82g2   "  I  glgl 
22 

Dll(Jy)82gl  =    (Jy82)gi  +  g2(Jygl}   =  "  t  8181  +  f  82g2 


Dll(Jy)g2g2   =    (Jyg2)g2  +  g2(Jyg2}    =   "  I  glg2   "  I  g2gl 
22 


Finally, 


Dll(Jz)glgl   =    (Jzgl)gl  +  gl(JZgl)    =  1  glgl  +  I  gIgl   "    g^i 
22 
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Dll(Jz)glg2  =    (Jzgl)g2  +  8l(JZg2)    =    2  glg2   "  I  glg2   =   ° 
22 

Dj(J2)g2gl   =    (Jzg2)gl  +  g2(Jzgl)    =   ~  I  g2gl  +  \  g2gl  =   ° 


Dj(Jz)g2g2  =    Uzg2)g2  +  Z2^z%2)    =   -   2  §2g2   "   2  g2g2  =   _  glg2 


Thus,    all  basis    tensors   are   eigentensors   of   D      (J   )   with   eigenvalues 

22 
-1,    0,    or  +1. 

2 
To  find  the  eigentensor  of  D   (J  ),  apply  it  to  each  of  the 

22 
basis  tensors: 


Dll(j2)glgl  =  (Dll(Jx))2glgl  +  (Dll(Jy))2glgl  +  (Dll(Jz))2glgl 
22  22  22  22 

=   Du(Jx)(|  g2§1  +  \   g1§2)  +  D11(Jy)(|  g2§1  +  |  8lg2) 
22  22 

+   Dn(Jz)glgl 
22 

1  1  1  ,1  ,    1 

4   glgl        4   82g2        4   82g2        4   glgl        4   glgl 

_1      _  •  1        1      .  1 

4  g2g2   4  g2g2   4  8lgl   4  P1S1 

=  2gl8l  . 
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Du(J2)glg2  =    (DnUx))2glg2  +    (Dll(Jy))2glg2  +    (Dll(Jz^2slg2 
22  22  22 

=      D      (J   )0§  g2g2  +  \  g^)   +  Dii<Jy><f  g2g2  "  I  glgl}   +   ° 


22 


11  x 

22 


22 


§i  + 


4  glg2  +  4  g2gl  +  4  g2gl  T  4  sls2  T  4  6162 


+  i  g2§l  +  T  glg2  +  4  g2gl 


=  gxg2  +  §2gl  • 

Du(J2)g2g1  =  (DU(Jx))2g2gl  +  (Dll(Jy))2g2gl+  (D11(J^ }  ^1 
22  22  22  22 

=   Du(Jx)(|  gA   +  \   g2g2)  +  DU(Jy)(-  |  glgl  +  I  g2g2}  +  ° 
22  22 

=  \   g2gl  +  \   g2g2  +  \   gi82  +  \   g2gl  +  I  g2gl 
+  "I  glg2  +  i  glg2  +  4  g2gl 

=  g^g^   g2gi 

Dli(J2)g2g2=  (Dn(V)2g2g2  +  (Dll(Jy))2g2g2+  (D11(V  }  2g2g2 
22  22  22  22 

=   D11(Jr)(|  gxg2  +  \   g2gi)  +  Dll(Jy)(-  I  glg2  "  I  g2gl) 
22  22 

+  D11az)(-g2g2) 

22 
=  \   g2g2  +  |  gxgx  +  |  g^i  +  4  g2g2  +  4  g2g2 

-  \  &lB1  +  \   g2g2  "  4  glgl  +  g2g2 
=  2g2g2  . 
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The  tensors  g1g1  and  g?g„  are  then  eigentensors  of 


Dll(Jz)glgl  =  g.lgl 
22 


and  DU(J  )glg;L  =  2glg;L 

22 


Dll(Jz)g2g2  =  "g2g2 
22 


a"<i  DU(J  )g2g2  =  Ig^ 

22 


Since  these  tensors  are  already  normalized,  (g  g  ) : (g  g  )  =  1, 

(gogo^  :  (Sogp)  =  1>  they  will  serve  as  two  of  the  vectors  $  ..(J.M). 

22 
According  to  the  above  eigentensor  equations,  for  g-ig-,  M  =  1  and 

J(J+1)  =  2  so  J  =  1.   For  g2g2,  M  =  -1  and  J  =  1.   Therefore 

•u(l.l)  =glgl 
22 

*11(1,-1)  =  g2g2 
22 

The  other  basis  tensors  g-,g~  and  g^gi  are  not  eigentensors  of 

2 
D1 1 (J  )  but  certain  linear  combinations  are: 

22 

D11(J2)(g1g2  +  g28l)  =  D11(J2)g1g2  +  D11(j2)82gl 
22  22  22 


(8182  +  8281*  +  (g2Sl  +  glg2) 


■  2(g1g2  +  g2g1) 
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and   Dn(J2)(glg2  -  g2gl)  =  D11U2)g1g2  "  D11^2)s2gl 
22  22  22 

=  (g1S2  +  82§i)  ~  (§2gl  +  glg2')  =  ° 


Since  both  g-]g2  an&   §?8i  are  eigentensors  of  D   (J  )  with  eigenvalue 

22 
0,  so  are  these  linear  combinations.   Although  they  have  the  same 

eigenvalue,  these  two  tensors  are  still  orthogonal 


(g182  +  g2gi)'(gig2  "  g2gl^  =  (gi'gi^  (g2'g2')  +  ^2*8l^8l"82^ 

- (g2,g1)(g1,g2)  ~  (i1,g1)(g2'g2^ 

=  1-1  =  0. 
They  are  not  normalized  since 

^8182  +  §281^'^8182  +  8281^    =    (I1'81)(l2*g2^   +    (i1*g2^§2"8i^ 

+  (i2,81)(g1,82)   +    (g2'g2)(8l'§i) 
=   1  +   0+0+1=2 

and     (g1i2  -  i2i1),(g1g2  -  g2g1)  =  (g1,g1)(g2*g2)  -  (g1*g2)(I2*g1) 

-(g2'gl^gl'g2^   +    ^2'82')<'81*81^ 
=   1-0-0+1=2    . 

In  each  case  the  normalization  factor  is  2    .In  terms  of  the  tensors 

<i>   (J,M)  this  gives 
22 
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*n(l,0)  =  2  1/2(glg2  +  g2§1) 
22 

*u(0,0)  =  2"1/2(glg2  -  g2gl)  . 
22 

Combining  all  of  these  gives  a  complete  orthonormal  basis  for 
■i-i  j 

(U„  )   a  (U„  )   of  simultaneous  eigentensors  of  D   (J  )  and  D-i->(J  )• 

22  22 

Also,  recalling  that  g  =  g(l,0)  =  (fiCj.y)  and  g2  =  g(0,l)  =  ^(j.-j), 

this  may  be  written 


$u(l,l)  =  glgjL  =  g(l,0)  a  g(l,0)  =  9("|,-|)  a  ♦  (|»y) 
22 

*u(l,0)  =  2"1/2(glg2  +  g2gl)  =  2"1/2(g(l,0)  a  g(0,l) 

22 

+  g(0,l)  a  g(l,0)) 


V-l/2,.,1  1.    A/l  lv  .  A/l   1>    A,l  lxv 
=  2    WC^.y)  a  ^(2,-2)  +  «(-2,-2)  a  ^(j,^)) 


$n(l,-l)  =  g2g2  =  g(0,l)  «  g(0,D  =  H\>-\)    ■  *(f»"|) 

22 

•^(0,0)  -  2"1/2(glg2  -  g2gl)  =  2"1/2(g(l,0)  a  g(0,l) 

22 

-g(0,l)  a  g(l,0)) 


„-l/2,.,l  1,       J-    lv      ,,1   1,     A/l    lv 

=  2    (cf>(2,2)  a  9(2,-2)  -  Sij'l)   H  ^'"^  ' 


The  allowed  values  of  angular  momentum  and  the  Clebsch-Gordon 
coefficients  in  the  case  j.  =  J  2  =  "?  may  be  read  directly  from  these 
formulas.   J  may  have  the  values  0  or  1.   When  J  -  1 ,  M  may  be  -1,  0, 
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or  +1.   When  J  =  0,  M  must  be  0.   The  Clebsch-Gordon  coefficient 
C  .(in  ,m,,;J,M)  is  just  the  coefficient  of  fy^m^)    a  ^(-^.n^)  in  the 

22  11 

expansion  of  *   (J,M).   (frC^.^)  a  (JK^.n^)  aPPears  in  the  expansion 

22 

only  if  m  +  m„  =  M.   Therefore 


C.  . (m. ,m0; J,M)  =0        if  m  +  m  ^  M  . 
22 


In  the  other  cases 


22 

c   (1  .1,0)  =  2"1/2 
11/2'  2'  '  ; 

22 

c   (ill  0)  =  2"1/2 
22 


cu(-|.-|;i.-i)  -  i 

22 


cu(|,-|;i,0)  =  2"1/2 

22 


CL1(+i,-i;0,0)  -  2"1/2 
22 

cl;L(-|,|;0,o)  =  -2"1/2 

22 


5.   'j  ie   sneral  $.  .  (J,M) 

JiJ2 

he  eigentensor  $   (0,0)  is  of  particular  interest.   The 

22 
rep res en  ation  spaces  are  constructed  from  symmetric  tensor  but 
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-1/2 
$   (0,0)  =  2    (gigj  ~  g?gi)  is  antisymmetric.   Furthermore,  not  only 

22 

is   ?      (0,0)    an   eigentensor   of  both  D.(J    )    and  D.(J    )   with   eigenvalue 
±1  j      z  j 

22 

zero  but   also 


Dn(Jx)(glg2    "    g2gl)    =    Du(Jx)glg2    -    Dn(Jx)g2g1 


22  22  22 

1  V 

'2g2        2   glSl; 
=   0 


.    ,1  1  v    _    ,1  1  . 

\  o     gogo      '       o     g  n  g  i  /  U     gogo    "*"     9     gigW 


and     Du(Jy)(8lg2   -  g2gl)    =   Dn(Jy)glg2   -   DnUy)g2g1 
22  22  22 

=  i  _  i  ,     1  1  , 

9  09&9     9  oioi   """  \    9  o  -]  S  -I   '   9  booV 

=  0. 


$....(0,0)  is  then  an  eigentensor  of  all  the  operators  with  eigenvalue 

22 
zero. 

Now  consider  the  product  of  a  tensor  of  the  type  0.  .  (J,M)  with 

J1J2 

one  of  the  type  $(j,m).   The  product  is  not  necessarily  in  any  of  the 

tensor  spaces  defined  above  as  it  may  not  have  the  proper  symmetry 

properties  but  the  operators  may  be- extended  to  $.  .  (J,M)  a  y(j,m)  by 

J1J2 

D(J  )(<?.  .  (J.M)  a  Kj.m))  =  *>      ,  (J  )  *,  ,  U.M)  a  KJ.m) 
J  ]_J  2  -'1^2       1  2 

+*.  .  (J.M)  a  D  (J  )  g(j,m) 
J1J2         J   X 

and  similarly  for  the  other  operators. 
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For  the  D(J  )  operator  one  has 
z   r 


D.(J  )($    (J,M)  a  <j>(j,m))  =  D     (J  )  $     (J,M)  a  <j>(j,m) 
J   z   JLJ  J1J2   X   J1J2 

+  *.  .  (J,M)  a  D  (J  )  (J)(j,m) 
J  i  J  2         J 

=  (M  +  m)  9.     .  (J,M)  . 
J1J2 

2 
For  D(J  )  defined  as  usual  by 


D(J2)  =  (D(Jx))2  +  (D(Jy))2  +  (D(Jz))2  , 

the  tensor  <J>.  .  (J,M)  is  not  an  eigentensor.   This  is  because,  again, 

J1J2 

there  are  cross  terms  of  the  form  D.  .  ( J  )  $ .  .  (J,M)  a  D .  (J  )  <|>(j,ia). 

J1J2  X   J1J2         J   X 

Since,  in  general,  the  tensors  are  not  eigentensors  of  D.(J  )  the  cross 

J   x 

terms  give  rise  to  more  complicated  tensors.   The  special  case, 
9.    .    (J,M)  =  $,.(0,0),  however,  gives  particularly  useful  results. 


In  this  case, 


D(Jz)(*n(0,0)  a  <J>(j,m))  =  $n(0,0)  a  D  (J^)  ^(j,m) 
22  22 

=  m  $u(0,0)  a  c?(j,m) 
22 

D(J2)($1;L(0,0)  a  (J)(j,m))=  (D(Jx))2  (^(0,0)  a  <j>(j,m) 
22  22 

+  (D(J  ))2  (*n(0,0)  a  (j>(j,m) 

22 
+  (D(Jz))2  (<?11(0,0)  a  (J>(j,m) 
22 
=  <?11(0,0)  a  D^J2)  «(j,m) 
22 

=  j(j+D  ^,11(0, 0)  a  <j>(j,m) 
22 
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since  all  operators  on  $   (0,0)  yield  zero.   In  the  same  way  the 

22 
operators  can  be  extended  to  tensor  products  of  the  type 

(<?....  (0,0))    a  0(j>m)>  the  tensor  product  of  n  copies  of  V   (0,0) 

22  22 

with  <t(j,rn).   For  these  as  well, 


D(Jz)((?11(0,0))Hn  a  <f><j,m))  =  m^^O,  O))3"  a  $(j,m) 
22  22 


and  D(J2)((<J11(0,0))Hn  a  6(j,m))  =  j  (j+1)  (^(0,0)  )Hn  a  (J>(j,m). 
22   ■  22 


In  this  way  a  tensor  can  be  constructed  with  the  same  eigenvalue  as 
?(j,m)  but  of  higher  order.   This  tensor  product  is  not  usually  a 


member  of  (U„   1)   a  (U„   2)   since  it  may  lack  the  necessary 


fi i),  .  (uf  i: 

symmetry  properties.   However,  since  the  operators  D(.J  ),  etc., 
depend  only  on  the  number  of  g, 's  and  g9's,  they  commute  with 
permutation  operators  so  that  the  tensor  may  be  symmetrized  without 


changing  the  fact  that  it  is  an  eigentensor 


Let  $(J,M)  be  a  tensor  in  (U„   )   which  is  normalized  and  is 


2 
an  eigentensor  of  D  (J  )  with  eigenvalue  M  and  of  D  (J  )  with  eigen- 
value J(J+1).   Then  the  tensor  product  ($u(0,0)  )H(j  l+j  2~J )  a  ^(J,M) 

22 
has  the  same  eigenvalues  M  and  J(J+1)  for  arbitrary  j1  and  j  „  with  J 

less  than  or  equal  to  j.  +  j?.   Let  Sym  (.^,^2)  oe  the  operator  which 

symmetrizes  the  first  2 j .  and  last  2 j „  places  in  the  tensor.   For 

example,  Sym  (I,-2-)gJLg2g2  =  g-^^  +  828-^2  and  Sym  t^1^^8^  = 

81628181   89818182   818-18281  '  89818281  • 
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Since  <MJ,M)  is  a  tensor  of  order  2J  and  ($   (0, 0)  )H^1+^  2  J^ 

22 
is  a  tensor  of  order  2(j.+j„-J),  their  tensor  product, 

('}>   (0,0))s(jl+j2_J'>  a   <j)(J,M),  is  a  tensor  of  order  2J  +  2(j1+j2-J)  = 

22 

2j .  +  2j., .   Now,  one  first  applies  the  operator  P  which  changes  the 

order  of  the  individual  terms  so  that  the  odd  terms  of  ($   (0,0))    12 

22 
precede  the  terms  of  (J)(J,M)  while  the  even  terms  follow.   This  will  sim- 
plify the  symmetrization.   After  the  first  2 j 1  and  last  2j   places  have 
been  symmetrized, .  the  tensor  is  contained  in  (U„   1)   a  (U„   2)  . 
Furthermore,  it  still  has  eigenvalues  M  and  J(J+1).   If  N  is  the  normal- 
ization constant,  $ .  .  (J,M)  =  N  sym  (j,,j0)P_  ( ($, ,  (0,0)  )H^1+J  2~J'  a 
J  -i  3  9  -1   z   K    ii 

22 
<j)(J,M)).   This  gives  a  method  of  constructing  the  eigentensors 

■f>.  .  (J,M)  in  (U^  Jl)   a  (U^  J2)   from  the  eigentensors  <i(J,M)  in 
J1J2  2   's    v  2   ys 

(U„   )   which  are  already  known. 
2   s 

To  begin  with,  since  the  tensor  must  be  normalized  after  the 
symmetrization  anyway,  it  will  be  simpler  to  ignore  the  normalization 

factors  from  the  beginning.   That  is,  instead  of  <P   (0,0),  gig?  ~  8o§i 

22 
will  be  used.   Instead  of  <£(J,M),  g(J+M,J-M)  will  be  used.   Now  the 

symmetrization  proceeds  as  follows.   Each  monomial  term  with  a  g. 's 

and  b  g?'s  in  the  first  2j  .  places,  c  g-,'s  and  d  g9's  in  the  last 

2j „  places  is  expanded  by  the  symmetrization  operator  into  the 

symmetrical  form  g(a,b)  a  g(c,d).   The  integers  a,  b,  c,  and  d  are 

not  arbitrary  since  a+b  =  2j  ,  c+d  =  2  j  „  .   In  addition,  since  there 

are  exactly  j   +  j „  -  J  g  's  and  j.  +  j„  -  J  g  's  in  each  monomial 

term  of  (g.g^,  -  g~g,)    12    and  exactly  J  +  M  g.'s  and  J  -  M  g?'s 
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in  each  monomial    term  of   g(J+M,J-M), 


a+c  =    Cj1+J2-J)   +J  +  M  =  j1  +  J2  +  M 


and 


b+d  =    (j+j-J)  +j_M=j1+j«,-M 


'l'J2 


1        J2 


If  ra  is   defined  by   a  =   j      +  m,    then  b   =    2j 1    -    (j      +  m)    =  j .    -  ra, 

c   =   J1+J2  +  M-    (^  +  m)    =J2  +  M-m,    and   d   =    2j_  -    ( j  2  +  M  -   m)    = 

j2  -  M  +  m.   Thus,  (g;Lg2  -  g2g;L)H(:il+j2~J)  a  4>(J,M)  will  be  expanded 

into  the  sum  £  a  (j..  +  m,  j   -  m)  a  g(j„  +  M  -  m,  j_  -  M  +  m)  where 
m 

the  factor  a  is  the  total  number  of  positive  terms  which  expand  to 

g(j1  +  m,  j 1  -  m)  a  g(j->  +  M  -  m,  j „  -  M  +  m)  minus  the  total  number 

of  negative  terms  which  expand  to  g(j1  +  m,  j,  -  m) . 

Let  b  equal  the  number  of  g^'s  in  the  first  j1  +  j_  -  J  places. 

Since  these  are  selected  from  the  j.  +  j„  -  J  g-,'s  and  g?'s  in  the  odd 

places  of  the  monomial  terms  of  (g,g~  -  gog-i)    1   2    ,  there  are 

Jl  "2  different  ways  such  a  term  will  appear.   To  have  j.  -  m  go's 

V     b   J 

in  the  first  2j   places  there  must  be  j.  -  m  -  b  g  's  in  the  next 
2  j  ,  -  (j,  +  j?  -  J)  =j-i  "Jo  +  J  places.   Since  these  come  from  the 


(J-M)  g9's  of  the  terms  in  g(J+M,J-M),  there  are  j   ^1  ^2 

J1-m-b  J 
can  occur. 


ways  this 


Finally,  the  form  can  be  fixed  by  requiring  that  there  be 


(J-M)  -(-;i-m-b)=J-J1-  (M-m)  +  b  g2's  in 


the  next 


2J  -  (.]  +  j   -  j  )  =  J  -  j   +  j_  places.   There  are 
ways  thi^;  can  occur.   Therefore,  there  will  be 


J+J  ,-J 


2  Jl 


[j-J1-(M-m)+bJ 
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I 

b=0 


jx+j2-j 


Jn-m-b   J 


•J+J  0"j 


2  Jl 


J-J1-(M-m)+b 


terms   in   the   original    tensor  product  which   give   rise   to 

g(j,+m,j    -m)    a  g(j  „+M-m,  j  „-M4-m)  .      Since    those    terms  with   an   odd  number 

of   g?'s   in    the   first  j,   +  j„   -  J   places   one  has 


Jrm 

an=      I        (-D1 
H       b=0 


b 


j+jrj2 


i .,  -m-b 


Ul 


J+J  o-j 


2  Jl 


wJ-J1-(M-m)+b 


This   yields 


JiJ 


(J,M)    -H     [J    (-D1 


1J2 


m  b 


J!+J2-J 

b 


j+jrj2 


g(j   +m,j    -m)    a  g(j   +M-m,j    -M+m) 


where   the  summation   extends   over   all  values   of  m  and  b   such    that   the 

numbers    in    the  binomial   coefficients   are  non-negative   integers   and 

N      is    the   normalizing   factor 
o  b 

ft  r...      ,u,.  .      .   u      T .  .      .  1 1  2 


N     = 


lmlb 


jj+jjpl 


j+jrj2 


(j  ^m)  !  ( j  1-m)  !  (j  2+M-m)  !  ( j  2~W-m)  ! 
(2j1)!(2j2)! 


J+Vjl 
[j-j^CM-nO+bJ. 

-1/2 


J' 


Then 


»,    ,    (J,M)    =  N   II    (-1) 


.1,3 


b    |jl+VJ 


1J2 


m  b 


J+Ji-J 


L  J2    r     J+j2"jl 
Jj-m-b    J  [j-J1-(M-m)+b_ 

,sl/2 


((J1+m)!(J1-m)!(J2+M-m)!(J2-^m)!)  h  ^Cj^.m)    a  i(j2,m) 

where  N  =  NQ((2j ±) ! (2j 2) ! )~1/2 
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Since   the  Clebsch-Gordon  coefficients  C.    .    (m. ,m»; J,M)    are 

J1J2  *" 

just   the   coefficients    in    this   expansion    they  may   now  be  written  down 

easily.      First,    since   only    tensors   of    the   form  (fCj*111)    H  <£(Jo»M-ni)    appear 

in    the   expansion,    C.     .    (m    ,m„;J,M)    =    0  if  m     +  in     4  M.      When  m1    +  m     =  M, 


1J2 


fh+h~J 


J+h~h 
j i_mi-b. 


J+J2-J! 


:.     .    (m     m   ;J,M)    =  N   £    (-1) 
J1J2  b 

(  (  j  1+m1)  !  ( j  1-m1)  !  ( j  2+m2)  !  ( j  2-m2)  !  ) 


>J-J1-m2+b/ 
1/2 


where  N  has    the   same   value   as   before, 


6.      Allowed   Values   of  J    and  M 


The  numbers   in   the  binomial   coefficients   must  be   non-negative 
integers.      That   is, 


jx  +   j2   -  J   >   0 
J  +  jo   -   Ji    *   0 


J  +  jx  -  j2  *  o 


in    +   U   *  J 


J  *  j,  "  j 


1  ' 


Therefore,  J  may  take  on  any  values  at  integral  steps  between  |j1  -  j~| 
and  j|  +  jo«   As  noted  before,  M  may  take  on  values  at  integral  steps 


between  -J  and  J  and  m..  +  tn„  =  M. 


7 .   Special  Cases 

If  J  -   j   +  j„,  the  first  binomial  coefficient  is  nonzero  only 
it  b  =  0.   Then  the  sum  collapses  to 
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:  (mi,m2;j1+j2,m1+m2)    =   N 


j+jrj2 


j+j2-jx 
t   J2-*2  J 


(  (j  1+m1)  !  ( j  1-m1)  !  ( j  2+m2)  !  ( j  ^^  !  ) 


1/2 


=   N 


=   N 


(j+j1-j2)!(j+j2-j1)!       (j1+m1)!(j2+ir.2) 


(J-j^n^)  !  (J2-m2)  !  (J!-^)  !  (J2_ni2^! 


1/2 


|r(j1+m1)!(j2+m2)! 


(j1+m1)!(j2+m2)!     Kj.j-m.j_) !  (j  2-m2) 


1/2 


The   normalizing   factor  N   is   now  given  by 


N=    \l 


j1+a1-j21 


j+j  ,-j 


2  Jl 


J-j^CM-m), 


( j  ^m)  !  ( j  1-m)  !  ( j  2+M-m)  !  ( j  2-Mfm)  ! 


(2JPK2J2)! 


-1/2 


tfj^IUj^! 


( j  1+m)  !  ( j  1-m)  !  ( j  2+  (M-m))!  ( j  2~  (M-m)  )  ! 
( j  1+m)  !  ( j  1-m)  !  (jj+M-m)  !  (j  2~Hha)  !  ^  " 


(2j1)!(2j2)! 


=   \L 


m 


2h 
J  l+mJ 


2^2 
j2+(tt-m\ 


"1/2 


2J 

J  +  M 


-1/2 


{ ( J+M) ! (J-M) ! 


(2J) 


1/2 


C^.         (nij  ,m2;ji+j2,m1+m2) 


|'(jl+j2+ml+m2)  !  ^1+J2~ml"m2^  ! 
(2jx  +   2j2)!  ~~ 

(2j1)!(2j2)! 


1/2 


lU !+»].)  !  (J!-^)  !  (J2+m2)  !  (J2"m2)  !J 


1/2 
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If   J   =   j„   -  j,,    the   second   binomial   coefficient   is   nonzero  only 


if  b   =   j n    -  nu    so   the  sum   reduces    to 

Jl  1 


C  (m1,m.-);j2-j1,m1+m2)    =  N    (-1) 

JiJ2 


Jrmi 


2j 


J1-m1J[j-M_ 


2J 


((jjL*^)  !  (J!"^)  !  (j2+m2)  !  (j2-m2)  !)17? 


N   is   given  by 


N  = 


2j    -2m 
I    (-D 

2h 

2J 

lm 

U  l"m; 

kJ-M 

( j  x+m)  !  ( j  1-m)  !  ( j  2+M-m)  !  ( j  2-IH-m)  ! 


-1/2 


After   reducing   this   in   the   same  way   as  before, 

[  (2j1)!(2j2)!(j2+m2)!(j2-m2)! 


1J2 


Cj.j0(,Wj2  Jl'ml+m2)    "    |(2j1+2jJ!(J+M)!(J-M)!(j1+m1)!(j1-m1)! 


1     J2' 


1     jL"  vj1      1' 


1/2 


(-D 


Jrmi 


If   j 1    =  -~    ,    these   are   the  only    two   possibilities,    J   =   j„   +  y 


or  J   =  j ,  -  t   .      In   the   case  J   =   j9+^r,m..=y, 


2        2 


2        2    '      1        2 
(j9+m9+l)!(j9-m.)!  (2j„) 


.1  .      1  1  rJ2""2   ""^2  "2 


'1      "2'   2,J2   2'    2   2' 

2^2 


(2j  2+l)1 

1/2 


(j2+m2)  !  (j2-m2)  ! 


1/. 


2      2 


2j2+l 


,  ,  •  L      l  1 

li.    J    =    j2  +  ^,m=--2-» 
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Cl.    (2*m2iJ2+2,,,l2'2) 

2J2 


Tf      T  •  l  1 

If  J-  j2--j  ,  mx=  2 


/-1  •       X        ^ 


(j2+m2)!(j2-m2+l)!(2j1)! 


>X 


'2'    2,J2   2'    2    2' 


2J2 

If  J   =   j 


(2j2+l)!(j2+m2)i(j2-m2)! 


(2j2)!(j2+m2)!(j2-m2) 


1/2 


j 2~m2+1 


2j2+l 


1/- 


(2j2+l)!(j2+m2)!(j2-m2-l) 


1/2 


fj2"m2 


2j9+l 


1/2 


_   1 
2        2 


p  ,       1  .1  Is 

C        (--,m2;j2--,m2--)    = 
2J2 


(2j2)!(j2+m2)!(j2-m2)! 
(2j2+l)!(j2+m2-l)!(j2-m2)! 


1/2 


^^ 


2j2+l 


1/2 


8.   Conclusion 

This  tensor  method  of  representation  appears  to  have  several 
advantages  over  the  standard  methods  of  matrix  representations.   The 
first  is  a  matter  of  elegance.   The  Clebsch-Gordon  coefficients  are 
defined  abstractly  in  terms  of  the  representations  but  using  the 
matrix  representations  the  Clebsch-Gordon  coefficients  are  calculated 
by  writing  the  matrix  elements  in  terms  of  the  original  Euler  angles 
of  the  rotations.   In  the  tensor  representation  method,  the  Clebsch- 
Gordon  coefficients  are  computed  directly  from  the  representation 
without  reference  to  the  physical  interpretation  of  the  group. 

This  leads  to  a  more  important  point:   The  question  of 
generalizations.   The  rotations  operators  are  not  the  only  operators 
which  lead  to  SU(2)  or  similar  groups.   A  set  of  operators  on  the 
nucleons,  called  the  isospin  operators,  has  group  properties  identical 
wich  the  rotation  group  and  also  leads  to  the  group  SU(2).   The 
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Clebsch-Gordon  coefficients  can  then  be  used  to  describe  the  way  the 

.eons  combine.   Since  the  group  is  still  SU(2),  exactly  the  same 
Clebsch-Gordon  coefficients  may  be  used  but  the  same  general  idea  has 
Led  to  other  groups  for  which  this  is  not  true.   Extension  of  the 
isospin  operators  to  include  unitary  spin  leads  to  the  group  SU(3). 
This  leads  to  a  classification  procedure  embracing  other  elementary 
particles.   Other  natural  extensions  have  led  to  SU(4)  [12],  SU(6), 
and  SU(9)  [8].   Some  researches  appear  to  indicate  that  to  completely 
understand  even  simple  cases  consideration  of  the  general  SU(n)  may 
be  necessary  [2] . 

While  all  of  these  groups  are  related  to  SU(2),  they  do  not 
have  as  simple  a  physical  interpretation  as  the  rotation  group.   The 
standard  method  of  calculating  Clebsch-Gordon  coefficients,  due  to 
the  dependence  on  the  Euler  angles, cannot  be  extended  to  groups  other 
than  SU(2).   The  calculations  of  Clebsch-Gordon  coefficients  which  have 
been  made  are  very  long  and  difficult.   Often  papers  are  written  on  the 
calculation  of  one  of  the  coefficients  [7]. 

The  tensor  representation,  however,  has  a  natural  generalization 
to  SU(n).   The  operators  are  considered  operators  on  a  space  of  tensors 
on  U  ,  the  unitary  nsion  n.   A  tensor  method  similar  to 

one  given  here  has  been  used  to  calculate  possible  total  eigi 
in  SU(3)  a J  though  no  atte  !  Clebsch-Cordon 

i  ts  [3  ] . 
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